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An approximate solution is presented for the problem of the thickness 
of the diffusion boundary layer on solidification of a killed-steel ingot 
under conditions of natural the rmal -mel t  convection. 

The d i s t r i b u t i o n  of a so lub le  a d m i x t u r e  in the ca se  
of n o r m a l l y  d i r e c t e d  c r y s t a l l i z a t i o n ,  as  is  we l l  known, 
is  given by the e f fec t ive  d i s t r i b u t i o n  coe f f i c i en t  d e t e r -  
m i n e d  by B u r t o n - P r i m - S l i c h t e r  [1]: 

k = ko (1) 
ko + ( 1-- ko) exp ( - -A) '  

w h e r e  A = f 6 / D ,  whi le  the e q u i l i b r i u m  d i s t r i b u t i o n  
coef f i c ien t  k 0 = Cs/C0. 

Of the t h r e e  fundamenta l  p a r a m e t e r s  f ,  6, and D 
tha t  d e t e r m i n e  the n o r m a l i z e d  r a t e  of g rowth  A and,  
consequen t ly ,  the  e f fec t ive  d i s t r i b u t i o n  coef f i c ien t  k, 
the growth  r a t e  f ,  and the di f fus ion f a c t o r  D in the 
l iquid  a r e  g e n e r a l l y  known. If the  condi t ions  of the  
l iqu id  flow for  the so l i d i f i c a t i on  of the a l loy  a r e  known, 
it  is  t h e o r e t i c a l l y  s o m e t i m e s  p o s s i b l e  to c a l c u l a t e  the 
t h i c k n e s s  6 of the di f fus ion boundary  l a y e r .  Solut ions  
have been  ob ta ined  for  the t h i c k n e s s  6 of the d i f fus ion  
l aye  r at  the  end of a s i n g l e - c r y s t a l  ax i s  on v e r t i c a l  
e x t r a c t i o n  f r o m  the m e l t  [1] and with c o n c e n t r a t e d  
n a t u r a l  convec t ion  of the m e l t  [2], def ined  by the d i f -  
f e r i n g  dens i ty  of the l iquid  in the bounda ry  l a y e r  en -  
r i c h e d  by an a l l oy ing  a d m i x t u r e ,  and  in the  m a i n  m a s s  
of the  me l t .  Analogous  so lu t ions  for  h e t e r o g e n e o u s  
t r a n s f o r m a t i o n s  in a l iquid,  not a c c o m p a n i e d  by hea t  
l i b e r a t i o n ,  a r e  g iven  by Lev ich  [3]. 

As we d e m o n s t r a t e d  e a r l i e r  [ 4 -6 ] ,  the s o l i d i f i c a -  
t ion of a k i l l e d - s t e e l  ingot  is  a c c o m p a n i e d  b y t h e  n a t u -  
r a l  t h e r m a l  convec t ion  of the m e l t ,  when the c o l d e r  
l a y e r s  of the me ta l  a t  the c r y s t a l l i z a t i o n  f ront ,  e n -  
r i c h e d  with s o l i d - p h a s e  nuc le i ,  s ink  down, d i s p l a c i n g  
the w a r m e r  but  l e s s  dense  l a y e r s  of the  m e l t  upward  
along the ax i s  of the ingot. The ca lcu la t ion  of the  d i f -  
f u s i o n - l a y e r  t h i c k n e s s  unde r  the condi t ions  of n a t u r a l  
t h e r m a l  convec t ion  m e r i t s  a t ten t ion .  

The i n t e g r a l  ba l ance  equat ion for  the a d m i x t u r e  in 
the vo lume of the boundary  l a y e r  [2] 

l 

~ x  C I vdg + [Cs, (2) 
0 

w h e r e  the upper  i n t eg ra t i on  l i m i t  I is  g r e a t e r  than 
both the t h i c k n e s s  of the d i f fus ion  (6) and the h y d r o -  
dynamic  (60) bounda ry  l a y e r s .  

If we neg lec t  tile loca l  va lues  in l iquid  dens i ty  and 
the d i f f e rence  be tween  the d e n s i t i e s  of the l iquid  and 
so l id  p h a s e s ,  the ve loc i ty  v n of the l iquid influx to the 
boundary  l a y e r  n o r m a l  to the s o l i d - l i q u i d  i n t e r f ace  is 
def ined  by the equat ion for  the c o n s e r v a t i o n  of m a s s  

t 

a x  d 
o 

F r o m  (2) and (3) we obta in  

l 

t(c~-c?=~-~x (C,--q)vdy. 
o 

(3) 

(4) 

The upper  i n t eg ra t i on  l i m i t  l can be  r e p l a c e d  by 6, 
s ince  when y > 6, C 1 - C~ = 0. 

Thus ,  
5 

f (c0-cs) =-~x (c,--q)vdu. (5) 

F o r  an a p p r o x i m a t e  solut ion of (5) le t  us e x p r e s s  
the ve loc i ty  of the l iquid  flow in the  c a s e  of n a t u r a l  
t h e r m a l  convec t ion  [7] and the d i s t r i b u t i o n  of the ad -  
m i x t u r e  concen t r a t i on  in the boundary  l a y e r  [1] in the 
fo l lowing f o r m :  

v = v ,  ~o 1 - -  fo r  O--<y~<6~, (6) 
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where  [ 7] 

v,=5.15v 0 .952+  - 2 - [  el3 ]~--x T ,  (7) 

l 1 

l 

t - -%,T =,- 
t ~ 2 J 

(8) 

= c o  

ko + (1--ko) exp ( - - - - ~ -  ) 

ko + (1 --ko) exp ( - -  ~ - )  

for  0 ~ g ~ 5 .  (9) 

F r o m  (7) and (8) 

a x  
vl = 79.5 - -  (10) 

6o2" 
Having subst i tu ted  (6), (9), and (10) into (5) and 

having taken into cons idera t ion  the exp res s ion  k = 
= C s / C  ~ f r o m  (1), we obtain 

f = 7 9 . 5 a  x 
koexpA + 1 --ko 

5 

X~-x 5 ~ ( k o e x p X + l - - k o )  g 1 - -  x 
0 

• [ e x p ( h - - ~ - )  - -  I ]  dy}. (11) 

Let us ca lcula te  the in tegra l  in the r igh t -hand  p a r t  
of (11) 

6 

0 

- - - - - - h  - -1)  - -  

ha A s ) 
4a exph h - - 1  + 
A 3I 2! 

6o s [ A ~ ha h 2 
+ - - ' h s  ~exph-  4! 3! 2! h.--l)], (12) 

where  ~ = 5/b  0 < 1, or  

6 
S~(  1 - -  ~0 )2 [exp (h  - - - ~ ) - 1 ]  d y ~  
o 

(13) 

Having subst i tu ted (13) into (11), we obtain 

f3~,a -- (ko expA + 1 --ko)x 
79,5 aD s 

(14) 

I'( )] A 2 
x ~- expA 2! A - - l  

koexpA + 1 --ko dx 

The solution of the differential  equation (14) is 
sought in the fo rm 

l 
A = ~ / - ~ Z  u (x), (15) 

where  

[3 ~3 
A = - - ;  (16) 

79.5 aD s 

l l 
U (x) = a o + alx ~- + a2~-  + ... (17) 

Substituting (15) into (14) and expanding exp A in 
s e r i e s ,  f r o m  the r e c u r r e n c e  re la t ionship  for  the s e r -  
ies coeff ic ients  a0, a l, . . .  by the method of s u c c e s -  
sive approximat ions  we find 

1 (5--4k0)~6-A etc. a o =  1, a l - - - -  60 

The sought solution for  (14) is exp re s sed  in the fo rm 
of the s e r i e s  

A = ~-6-A x -4- 1 60 .... 

or 

i 

A----0.42f(aD 2) 3 ~oX 

5 -- 4k 0 ! ] 
x i--0.42 60 f (aDS) --~- 50 + . . . .  (19) 

With a sufficiently low growth rate f we can limit 
ourselves exclusively to the first term in expansion 
(19) 

! 

A~0 .42 f (aD  s) ~ 6o (2O) 

or  
l 1 

~o -d  = 0.42 ~ /  . (21) 

The quantity 5 is a s t rong function of the diffusion 
capaci ty  of the d i sso lved  subs tance ,  of the v i scos i ty  
and na ture  of the liquid flow [8] and, genera l ly  speak-  
ing, of the ra te  of growth for the sol id phase  [9]. For  
the adopted l imita t ion of r a t h e r  smal l  values for  the 
growth ra te ,  as we can see f r o m  Eq. (20), 6 is inde-  
pendent  of the growth ra te .  An analogous resu l t  for 
s im i l a r  l imi ta t ions  was obtained for  the case  in which 
the s ingle c rys t a l  was ex t rac ted  f r o m  the melt  [1]. 
The re la t ionsh ip  between 6 and the growth ra te  f is 
given by succes s ive  approx imat ions  of solution (19). 

NOTATION 

k 0 and k a re  the equi l ibr ium and effect ive coeff i -  
c ients  of admixture  dis t r ibut ion,  r e spec t ive ly ;  5 and 
6 o a re  the th i cknesses  of diffusive and hydrodynamic  
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boundary  l a y e r s ;  D is  the dif fusivi ty;  Cs,  Co, C1, and 
C~ a r e  the a d m i x t u r e  concen t r a t i ons  in a so l id i f i ed  
phase  at the l i q u i d - s o l i d  i n t e r f ace  within a diffusive 
l a y e r  and in the bulk of the me l t  m a s s ,  r e s p e c t i v e l y ;  
v is  the ve loc i ty  of the me l t  flow in a hyd rodynamic  
boundary  l a y e r ;  x is the coord ina t e  in the flow d i r e c -  
tion; y is  the coord ina t e  n o r m a l  to the l iquid  flow d i -  
r ec t ion ;  p is  the k inema t i c  v i s cos i t y ;  a is  the t h e r m a l  
d i f fus ivi ty ;  g is the g r av i t y  a c c e l e r a t i o n ;  fl is  the t h e r -  
mal  expans ion  coeff ic ient ;  | is  the  t e m p e r a t u r e  head  
within a h y d r o d y n a m i c  boundary  l a y e r ;  P r  and Sc a r e  
the P r a n d t l  and  Sehmidt  n u m b e r s ,  r e s p e c t i v e l y ;  f is  
the growth  r a t e  fo r  the so l id  phase .  
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